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1. Introduction

Since Landau’'s phenomenological theory of the superfluids,1 it is well
known that liquid helium at low frequencies, long wavelengths and low
temperatures can be described by Landau's two-fluid equations.2 These
equations involve not only the normal and superfluid density and thermodynamic
functions, but also the various sounds and transport kinetic coefficients in
liquid 3He and 4He. Concerning the kinetic coefficients, Landau and
Khalatnikov3 first investigated the thermal conductivity and viscosity, which
were also studied later by others.a Diffusive processesS in liquid 3He and
3He-AHe mixtures have been extensively studied: Reuppeiner et 316 measured
the thermal conductivity (K), thermal diffusion ratio (KT) and mass
diffusivity (D) as a function of 3He number concentration, and Behringer and
Meyer7 investigated diffusive relaxation processes in the normal and
superfluid phase in liquid 3He-aHe mixtures. All these quantities mentioned
above are closely dependent on the elementary excitation, which is appropriate
to describe the given Bose system. Motivated by these studies of 3He-aHe
mixtures, in the present paper we evaluate the temperature dependence of the
diffusion constant (D) and thermal diffusive ration (KT) between the phonon
and roton gases in consideration of the scattering of phonons by rotons in
two- and three-dimensional liquid aHe.

Recently we have obtained microscopically the Landau-type excitation
spectrum, which is (anomalous) phonon-like at low momentum and roton-like for
large momenta in the ring diagram approximation.8 Using this excitation
spectrum we have successfully analyzed the sounds,9 sound attenuations,lo
kinetic coefficients,ll etc., in two- and three-dimensional liquid aHe.

Through the calculations we can consider the excitation spectra in both

dimensions:
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E) = CP(1 + L A (2D) (1.1)
£(p) = GR(L + 6.2% - 5.B° + .1 ., (3D) (1.2)
and
(B-py)°
Ep) ~-a+ TR (2D and 3D) (1.3)

where P is the roton momentum, C. is the sound velocity, and A, P, and u are

0 0

the roton parameters (energy gap, momentum and effective mass, respectively).
The subscript zero refers to T = 0 K. All coefficients in Egqs. (1.1) and
(1.2) are positive, which are determined by the potential parameters. Here,
we have adopted a soft potential with a Lennard-Jones type tail, which helps
to make a smooth connection of the attractive part with the soft repulsive
core. In the next section we evaluate the differential phonon-roton

scattering cross section, and calculations of the diffusion constant and

thermal diffusion ratio are described in Sec. 3. Finally, the results and

discussion are presented in Sec. 4.

2. Phonon-roton differential scattering cross section
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To obtain the two-dimensional phonon-roton scattering cross section, in

this section we consider a roton in the presence of the phonon field. We can
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where P and v are the momentum and velocity operators.9 The phonon field
changes the density of the medium, and thus we may expand the roton energy

[Eq. (1.3)] in terms of the demsity p' to second order (p' = p-po) as

2
. 3 L pp?) o o 28 a4 Loppy2),02
H_ Hr°+ap {A+2“ (P-Pp)7) o' + 57 ap2 (A+2“(PPO) Yo't o+ Lo,

(2.2)

where Hro is given by Eq. (1.3). Since the value of most rotons is close to
PO' we may neglect (P-PO) and replace P by PO’ We may also drop the term
aa

(ap '),

which is much smaller than (2.1). Then the interaction energy

between phonons and rotons can be written as

2 apP
Ve 2394+ 3.8) + 12502, (2.3)
2 2 a,,2 B 3p

where the terms in the second bracket of Eq. (2.3) have magnitudes on the

order of 10°} to 1 in three-dimensional liquid helium. >

- -
When the roton changes momentum P to P', it absorbs a phonon with
- ng s
momentum p and emits a phonon with momentum p’. Here we may consider two

- -

intermediate processes: (I) P + B - P =P+ .}; - ;' and

(
(1I) P - B' - P =P - 3' + 3 Since the roton momentum is much larger than
that of the phonon, we may view this interaction as similar to that of heavy
and light particles. The momentum and energy conservation law in collision

processes can be written as

-

l__ R 2_ . 1__ - --0' --02
op + 5= (B-Bp)" = cp’ + 5= ([E+p - p'| - Ep)

(2.4)




5
Under the conditions p,p’' << Po and E = cp << 3 ucz, Eq. (2.4) becomes
1 A A A 2
P-p' = 5 (Fpme(pn - p'n’))
2ucP
0
i 2
~ 2.0 {me (A-n')}" (2.5)
where i, f and i’ are the unit vectors directed along 30, 3 and 3'
respectively. Therefore energy conservation implies p = p’. This means that

particles do not change the magni‘ude of momentum, but change its direction.
Taking account of p,p’' << Po and P = PO’ the matrix element given in the

differential cross section

)|<F|H |1>| §(Eg-E;) — — (2.6)

do =
" (2nH) 2

can be written in second-order perturbation as

PoP o o a2 2
<F|H3|I> - 3;; ([(feR) + (BeA)] (Refir) + Z0(@B)T@ANDT +A) . (2.7)
2 2 3B,
A= B2 ighh (2.8)
0 dp »

Substituting Eqs. (2-7)-(2.8) into Eq. (2.6) and performing the integration

over p’, we obtain




22 3 2
PopP . . PO a2 22
do = = ([(RR) + (Befi')](AeAr) + =2(RD) (AR + A%1a8 . (2.9)
[e
CLE P

Averaging Eq. (2.9) over all directions of roton momentum, we finally obtain

(2)P3 P9 4 4
do = ————— ((1 + cos¢)cos Y + (-—) (35cos Y + 3sin y
3 2 2 128
8xfl"p
122
+ 30cos ¥ sin ¢) + Z ‘—‘(3cos Y + sin ¢) + A )} dy

where ¢y is the angle between the incident and scattered phonons.

Through the similar calculations we can obtain the differential

scattering cross section of phonons by rotons in bulk liquid AHezlh

P.p P
do = ("'9"")2 (2(1 + cos¢)cosz¢ + (—-) (1 + 8cos ¢ + 3cos¢)
4 2 3 105
i ¢
—‘5<—><1 + 2cos’y) + %) g (2.11)

where dfI is the solid angle.

3. Diffusion constant and thermal diffusion ratio

Since the excitation spectrum in liquid AHe consists of phonons and
rotons, we may treat liquid aHe as a mixed phonon-roton gas. In the
temperature range from ~0.7 to ~1.2 K, where the scattering of phonons by

rotons is dominant, we consider the diffusion of phonons and rotons and also




the thermal diffusion ratio under the existence of a temperature gradient.
There thermal processes in the mixture of a phonon-roton gas are very similar
to those of light particles in heavy particles. Since the roton momentum is
much larger than that of the phonon, we may treat the interactions between
phonons and rotons as similar to those between light and heavy particles.
Therefore, we may assume that when a collision occurs only between a phonon
and roton, the roton is at rest and the phonon momentum changes only its
direction with the same magnitude.

Let np and nr be the number densities of the phonon and roton,
respectively, and 4§ the angle between the direction of a phonon with momentum
S and the x-axis. Equation (2.11) represent the differential scattering cross
section that the momentum 5 of a phonon will be changed to the momentum S'
directed into the solid angle element dfi. The collision probability of a
phonon per unit time becomes nrcda, where ¢ is the phonon velocity. Let the
number of phonons in a given unit volume with momentum between p and p + dp
and directed into the solid angle df} be n(p,ﬁ,x)d3p. Then the total number of
phonons changing B to S‘ in dOQ and conversely ;’ to B in d40* are,

respectively, given by
3
d’p nrcn(p,ﬂ,x) do |, (3.1
3 ’ ’
d’p nrcn(p ,8',x) do . (3.2)
The difference between the above two processes,

d3p n_c J[n(p’,a’,x) - n(p,f,x)] do , (3.3)




represents the change in the number of phonons in the volume element d3p,

which must be equal to the total time derivative of n:

_ an _ Vet ey ,
Jphr(n) c cosﬁax nrc I[n(c ,80',%) n(p,9,x)] do . (3.4)
If the temperature and concentration gradients vary very slowly, we can

express the phonon distribution function as
n = ng(p,x) + én(p,8,x) , (3.5)

where én is a small correction term to the equilibrium distribution function
ng- Now we assume that én is linear in the gradient of the concentration and

temperature, and has the form
én = cosdf(p,x) . (3.6)

Substitution of Eq. (3.6) and cosfd’' = cosfcosy + sinfsinycos(y-¢') in Eq.

(3.4) and then integration over the solid angle yields

T4

6
c

4
aP
J n) = cosfd n cf(p,x
ohr (™ L@

k
r ., (3.7)
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Here we have made use of the relation p = akBT/c, where a is a constant15 (see
the Appendix). From Egqs. (3.4) and (3.7), we obtain the following expression

for £(p,x):

426

4nff p.c
0 3
f(p,x) = - L —0 4o (3.8)
n_ 4,2 4.4 3x
raP Tk T
0""B
The diffusion flux i along the x-axis is
ia=- I nc cosé d3p =-c J 00520 f(p,x)d3p . (3.9)

Substituting Eq. (3.8) into Eq. (3.9) and integrating over momentum p gives

4
3a"P,.I'n k_T
0" ' rB

Let the phonon concentration of the mixture be n = np/(n0+nr) - no/n. Then

the diffusion flux i becomes

awﬁapéc7 an 3 aT
C o o e * Taln g 3.1)
3a PornrkBT

Comparing Eq. (3.11) with the expression16 for the diffusion flux

{ = -nD(Vn + E—f_ Ity (3.12)
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we obtain
aﬂﬁpg 7
Dwe —/mm (3.13)
4_2 4
3a Por“rks*
KT - aTln(n) . (3.14)

Since the number densities of phonons and rotons per unit volume can be given

by

kpT 4
n, = 205(3) 4n(E’ (3D) (3.15)
2 1/2
282 (k) -A/k.T
n_ 0 B .12 B (3D) (3.16)

(2an%)/?

we obtain tne diffusion coefficient and thermal diffusion ratio of phonons in

bulk liquid helium:

@02 hme)” ., s/t
D(T) = 4.4 172 9/2 e s (3.17)

3a Pop FkB

-A/K.T
- -5/2
3+ E@ a2 G + Epagn e T E

KT - A/k . (3.18)

(1 + & Hm Y Rl e TR

Through similar calculations as done above, we obtain the diffusion

coefficient and thermal diflusion ratio in thin helium films as
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5y 1/2,2,5.6
D(T) = (213 : 1;2“ = 1/2 eA/kBT | .
a' "Pop T Tky
- -a/k, T
2+ (01 F2m V2?5 4 _)(k VR
s -8/K,T ' (3.20)
2

(1 + (et 2mn e, 2

where we used the number densities of phonons and rotons per unit surface

given by
k T
_S(2) B
np om ﬂc ) . (3.21)
P -a/k T
n = —% mkn?e B (3.22)
r 2 B
2§
and T'' is given as
P.A
, .1 ,9 Jfo2 Fh oo
"=y *30 ) v+

4. Results and discussion

Since the elementary excitation spectrum in liquid helium consists of
the combined phonon-roton gas, we may consider the diffusion of phonons into
the roton gas, and also may include the thermal diffusion under the existence
of the temperature gradient. We may treat the diffusion and thermal diffusion
of the phonons in the roton gas as similar to those of light particles in
heavy particle.. For convenience we neglected phonon-phonon or roton-roton

scatterings, permitting only phonon-roton scatterings.
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The thermal diffusion ratio represents the ratio of the thermal
diffusion coefficient due to the temperature gradient to the diffusion
coefficient given by the concentration gradient. The diffusion coefficient
must be positive, but the diffusion ratio may be positive or negative. The

negative value of the coefficient K, means that the heavy particles will

T
appear in the low-temperature region and the light particles in the high-
temperature region. In 3He-aﬂe mixt:ures17 the ratio Kr becomes negative near
the plait point and positive near transition temperature. Since thermal
diffusion ratios in our calculations are positive, phonons and rotons are
located in the low- and high-temperture regions, respectively.

The diffusion constant and thermal diffusion ratios of the phonon gas in
bulk liquid helium and in thin helium films are given by Eqs. (3.17)-(3.20).
The potential and roton parameters are chosen by the analysis of the
excitation spect:rum18 for the bulk case and the specific data8 for the thin
helium films (Table I). For the density variations of the roton parameters,
we have adopted the results obtained by Khalatnikov,la who analyzed the data
of Dietrich et all9 given by

2 .2 apP

2,88 e, 84 .y, -0, _1

dp 3r

The above parameters in thin helium films are not known and thus are assumed
to have the same values in the bulk case. The constants a and a’ in Eqs.
(3.7) and (3.19) can be determined by the calculation of the collision time
for the phonon-roton scatterings, which characterize the thermal conductivity
and viscosity. The numerical values of these a and a‘’ are 6.28 and 4.67,

respectively. 15
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Figure 1 illustrates the diffusion constant D as a function of
temperature in the bulk and for films. As temperature increases, the roton
density increases more rapidly than the phonon density. Therefore, the mean
free path of phonons becomes shorter and the coefficient decreases rapidly.

The temperature variations of the coefficients KT are shown in Fig. 2.
Below ~ 0.6 K the coefficient is almost constant. In the temperature range
from ~ 0.6 to ~ 1.1 K the coefficient ratio increases, which means that
phonon-roton scatterings play a main role in the transport phenomena. This
temperature range agrees well with the results obtained by Landau and
Khalatnikov.12 For temperature far below -~ 0.6 K, the phonon population is
dominant, and thus phonon-phonon interactions becomes important, while roton-
roton interactions and five-phonon processes will be dominant above ~ 1.1 K.

In thin helium films the temperature range in which phonon-roton
scatterings are effective and dominant becomes ~ 0.3 K < T < 0.8 K. This
range is in good agreement with the results obtained from the evaluation of
kinetic coefficients in thin helium films.9 All arguments metioned with

respect to the bulk helium will be valid.
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Appendix
Making use of Egqs. (3.13)-(3.15), (3.21) and (All) from Ref. 15, we can
easily obtain the characteristic time T;;-r

phonon momentum and temperature, respectively, as

expressed as a function of the

3
Pop P P
-1 0 1.9 0.2 0 2
T -N —— [P+ () +—= a4+ 2% (Al)
ph'r r 8)‘3;}26 4 32 ‘pe He
and
2,33
P k. T P P
-1 _6le(6y , OB 1 9 02 0 2
"ph-r T 31¢(3) Nr a2 g +32 G+t Al (A2)

where Nr is the number of rotons per unit area. Setting (Al) equal to (A2),

we get

61c(6).1/3
pc = [3!§(3)] kBT . (A3)

Therefore, we obtain a’ = 4.67 in two-dimensional liquid helium.
Through a similar calculation we can evaluate the characteristic time

expressed by temperature and phonon momentum:

2
PP P P
-1 -0 2 4 1 02 2 .0 2
Toher = 4me N (Lm')(zpc) (%5 * 25 (#c) +9 (‘“c A) + A°] . (A4)

and




2,2
’.'1 - 91 N (.P—Oi)z [4_. + l—- (5)2 + _2; (Eﬁ) +A
ph-r c r KZPCZ 45 25 ‘uc 9 ‘uc

From Eqs. (A4)-(AS5) we obtain a = 2r in the bulk case.

2

]

(a5)

15
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Figure Captions
1. Diffusion constants of phonons in the roten gas as a function of
temperature. The solid and dotted lines represent the theoretical curves

in two- and three dimensional liquid 4He.

2. Thermal diffusion ratio of phonons in the roton gas versus temperature.
The solid and dotted lines represent the theoretical curves in two- and

three-dimensional liquid AHe.
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